ABSTRACT. We show that the limit at infinity of the vector-valued Brown-Yorktype quasi-local mass along any coordinate exhaustion of an asymptotically hyperbolic 3-manifold satisfying the relevant energy condition on the scalar curvature has the conjectured causal character. Our proof uses spinors and relies on a Witten-type formula expressing the asymptotic limit of this quasi-local mass as a bulk integral which manifestly has the right sign under the above assumptions. In the spirit of recent work by Hijazi, Montiel and Raulot, we also provide another proof of this result which uses the theory of boundary value problems for Dirac operators on compact domains to show that a certain quasi-local mass, which converges to the Brown-York mass in the asymptotic limit, has the expected causal character under suitable geometric assumptions.
INTRODUCTION
Let M be a compact 3-manifold with boundary S and let M be the interior of M . A nonnegative smooth function ρ : M → R such that ρ −1 (0) = S and dρ| S = 0 is called a defining function. Let g be a Riemannian metric on M . We say that (M, g) is conformally compact if for any defining function ρ the metric g = ρ 2 g extends to a smooth metric on M . The restriction g| S defines a metric which changes by a conformal factor if the defining function is changed. Thus, the conformal class of g| S , called the conformal infinity of (M, g), is well defined We say that (M, g) as above is weakly asymptotically hyperbolic if |dρ| g = 1 along S. This means that the sectional curvatures of (M, g) converge to −1 as one approaches S. In this case, if h 0 is a metric on S in the given conformal class, there is a unique defining function ρ in a collar neighborhood of S so that (1.1)
where h ρ is a ρ-dependent family of metrics with h ρ | ρ=0 = h 0 ; see [AD] and [MP] for further details. We will denote by ∇ the Levi-Civita connection of g.
Definition 1.1. Under the conditions above, we say that (M, g
) is asymptotically hyperbolic if h 0 is a round metric on the sphere S 2 and if, in a collar neighborhood of the conformal infinity, the following asymptotic expansion holds as ρ → 0:
where h is a symmetric 2-tensor on S 2 and the remainder e satisfies (1.3) |e| + |∇e| + |∇ 2 e| + |∇ 3 e| = O(ρ 4 ).
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1
The tensor h above measures the deviation of g to the background hyperbolic metric g 0 = sinh −2 (dρ 2 + h 0 ) as ρ → 0. This led Wang [Wa] to define the mass of (M, g) as (1.4) Υ (M,g) = 1 16π ˆS 2 xtr h0 hdµ h0 ,ˆS 2 tr h0 hdµ h0 , where µ h0 is the area element of h 0 . This should be thought of as an element of R 3,1 , the Minkowski space with coordinates (x, t) ∈ R 3 × R and Lorentzian metric (1.5) ds
If , is the pairing associated with (1.5), it is proved that the quantity
does not depend on the involved choices and therefore is an invariant of the asymptotic geometry of (M, g); see [Wa] , [CH] and [H] . If we define the future directed light cone by C + = {(x, t) ∈ R 3,1 ; t > 0, (x, t), (x, t) = 0}, and denote by R g the scalar curvature of (M, g) then the corresponding Positive Mass Theorem can be formulated as follows.
Theorem 1.1. [Wa] If (M, g) is an asymptotically hyperbolic 3-manifold satisfying R g ≥ −6 everywhere then Υ (M,g) is time-like and future directed unless (M, g) is isometric to hyperbolic 3-space H 3 with the standard metric, in which case Υ (M,g) vanishes. Equivalently, (1.6) Υ (M,g) , η ≤ 0, for any η ∈ C + , with the equality occurring for some η if and only if Υ (M,g) vanishes and (M, g) is hyperbolic space. Remark 1.1. Under the conditions of the theorem, the total mass of (M, g),
Physically, this invariant may be interpreted as the total mass associated to a timesymmetric solution (M , g) of Einstein field equations with a negative cosmological constant Λ < 0 having (M, g) as initial data set. This means that (M, g) embeds as a totally geodesic space-like slice of (M , g), which models an isolated gravitational system. As usual, we assume that (M , g) satisfies the dominant energy condition along M , so the constraint equations in General Relativity imply that R g ≥ 6Λ [HE] . In Theorem 1.1 and throughout the text we use the normalization Λ = −1.
Theorem 1.1 has been proved by Wang [Wa] , who actually established the result in any dimension n ≥ 3 assuming that M is spin by using a variant of Witten's method; see also [CH] , where a more general result is proved in the spin category, and [ACG] for a proof of a similar result without the spin assumption in the dimensional range 3 ≤ n ≤ 7. We note that elementary proofs for graphs in hyperbolic space have been obtained recently [dLG1] [dLG2] [DGS] .
The asymptotic expression (1.7) for the mass reflects the well-known fact that there exists no meaningful notion of energy density in General Relativity; for more on this curious aspect of Einstein's theory see [W1] [W2] . In particular, the problem of defining the total mass of a space-like compact domain in a given space-time, and checking that this quasi-local mass has the expected physical properties, is a highly non-trivial matter. Nevertheless, by means of the so-called Hamilton-Jacobi method, Brown and York [BY] were able to define a notion of quasi-local mass in case the bounding surface can be isometrically embedded in R 3 . A celebrated result by then guarantees that, at least in the time-symmetric case, the Brown-York quasi-local mass is nonnegative for domains satisfying the dominant energy condition R g ≥ 0. Moreover, it vanishes only if the domain lies in R 3 . In complete analogy with this classical picture, there have been attempts to define a notion of quasi-local mass for compact domains whose boundary can be isometrically embedded in hyperbolic space, so as to obtain (1.4) asymptotically at infinity. An interesting proposal in the time-symmetric case has been put forward in works by , and Kwong-Tam [KT] . To this effect, let (Ω, g) be a compact 3-manifold whose boundary Σ is (topologically) a sphere whose Gauss curvature satisfies K > −1 everywhere. A result by Pogorelov [P] then implies that Σ can be isometrically embedded in hyperbolic space H 3 and the embedding is unique up to an isometry. Consider H 3 ⊂ R 3,1 in the usual manner and let X : Σ → R 3,1 be the position vector of the embedding. Thus, under these conditions, the hyperbolic version of the Brown-York quasi-local mass of (Σ, X) is
where H is the mean curvature of Σ ⊂ Ω and H 0 is the mean curvature of Σ ⊂ H 3 . Notice that, as the notation makes it clear, the right-hand side in (1.8) above depends not only on Σ but also on the particular embedding X. It is conjectured that, under the conditions above, if we further assume that R g ≥ −6 and H > 0 then
for any isometric embedding X : Σ → H 3 . Moreover, equality should hold for some η if and only if (Ω, g) is a domain in H 3 ; see [ST2] .
Remark 1.2. To see that (1.9) is the natural counterpart, in the hyperbolic setting, of the celebrated result by on the positivity of the classical BrownYork quasi-local mass mentioned above, let us take H 3 −κ 2 , the hyperbolic space with curvature −κ 2 , κ > 0, as the reference space for the isometric embedding of Σ. Thus, the time component of (1.9) is nonnegative in case the conjecture holds with R g ≥ −6κ
2 , which giveŝ
where s is geodesic distance to the origin. If we send κ → 0 then we get Euclidean space R 3 in the limit and the inequality becomes m BY (Σ) ≥ 0, where
is the standard Brown-York mass of Σ [BY] . This explains the connection between the conjecture and Shi-Tam's main result in [ST1] mentioned above. We also note the emphasis on the requirement that (1.9) should hold for any isometric embedding X : Σ → H 3 , which reflects the fact that, unlike m BY (Σ), m BY (Σ, X) depends on the particular embedding of Σ in the reference space.
In order to put our results below in their proper context, we now describe a few partial results in the direction of confirming the conjecture. We start with the following one, proved in [ST2] , which improves [WY1, Theorem 1.4]. Theorem 1.2. [ST2] Let (Ω, g) be a compact 3-manifold whose boundary has positive mean curvature H > 0. Assume also that R g ≥ −6 and that the Gauss curvature of Σ is larger than −1. Then there exists α > 1 depending only on the intrinsic geometry of Σ such that the vector 
where the image of Σ under the embedding is supposed to lie between geodesic spheres of radius R 1 < R 2 centered at the origin. Thus, α → 1 if R 1 , R 2 → +∞ in such a way that 2R 1 − R 2 → +∞. We also note that Kwong [K] has generalized Theorem 1.2 to any dimension n ≥ 3.
We now turn to a result by Kwong and Tam [KT] . For this we need to introduce some further notation. For ǫ > 0 small enough we set Σ ǫ = ρ −1 (ǫ), where ρ is the fixed defining function. For further reference, we then say that (Ω ǫ , Σ ǫ ) is a coordinate exhaustion of (M, g) if Ω ǫ is the compact domain such that ∂Ω ǫ = Σ ǫ . It is proved in [KT] that the Gauss curvature of Σ ǫ with the induced metric satisfies
Thus, by Pogorelov's result mentioned above, there exists an isometric embedding Σ ǫ ⊂ H 3 for all ǫ > 0 small enough. The main result in [KT] says that by suitably composing this embedding with an isometry, the resulting Brown-York quasi-local mass vector converges to Wang's mass Υ (M,g) as ǫ → 0. Theorem 1.3. [KT] Let (M, g) be an asymptotically hyperbolic manifold. Then for all ǫ > 0 sufficiently small there exists an isometric embedding
As already noticed in [KT] , if we combine this with Theorem 1.1 it follows that m BY (Σ ǫ , X (ǫ) ) is time-like and future directed for all ǫ > 0 small enough, whenever (M, g) is not isometric to hyperbolic space. The main purpose of this note is to show that this also holds true for any choice of isometric embeddings X ǫ : Σ ǫ → H 3 ; see Theorem 1.5 below. In particular, this confirms that in a sense the hyperbolic Brown-York mass of a sufficiently large domain has the conjectured causal character.
for any choice of isometric embeddings X ǫ : Σ ǫ → H 3 . Moreover, the equality holds for some η ∈ C + only if (M, g) is isometric to hyperbolic space.
This immediately yields the following result; compare with [KT, Corollary 1.1].
Then, for any given choice of isometric embeddings
The results above actually follow from a Witten-type formula for the limit in (1.13). As explained in Section 3, to each η ∈ C + we can attach an imaginary Killing spinor φ (η) on H 3 . By carefully identifying the two infinities and adapting Witten's method in the standard way [AD] [Wa] [CH] [WY1] we will be able to find a Killing-harmonic spinor ψ (η) on M which asymptotes φ (η) at infinity in a suitable manner. The above mentioned Witten-type formula is expressed in terms of ψ (η) as follows.
for any η ∈ C + and any choice of isometric embedding
Here, ∇ + is the Killing connection acting on spinors; see (2.21).
Remark 1.4. If we take X ǫ = X (ǫ) , the Kwong-Tam normalized embeddings appearing in Theorem 1.3, then (1.14) yields
which is precisely the mass formula appearing in [Wa] ; see also [CH] . Moreover, in the spirit of Remark 1.2, we might consider time components and then send κ → 0. Clearly, the limiting 3-manifold (M, g) is asymptotically flat and we will eventually obtain
where r is the asymptotic parameter labeling the coordinate spheres and ψ is a harmonic spinor on M which approaches a parallel spinor of unit norm at infinity. Since it is well-known [BY] [ST1] that the limit in the right-hand side equals the ADM mass of (M, g) we thus obtain Witten's celebrated formula for this mass [Wi] .
The results above are obtained by exploring the full power of Witten's method, which consists of finding a suitable spinor globally defined on M . If one is interested, however, in merely obtaining the inequality in (1.13), this can be accomplished by appealing to the theory of boundary value problems for the Dirac operators on compact domains. This approach is inspired on recent work by Hijazi, Montiel and Raulot [HM] [HMRa] .
We thus consider the vector-valued quantity
where we assume that Σ is the (spherical) boundary of a compact 3-manifold with mean curvature H > −2, Gauss curvature K > −1 and X : Σ → R 3,1 is the position vector of an isometric embedding Σ ⊂ H 3 whose mean curvature is H 0 . A result by Neves and Tian [NT] says that any asymptotically hyperbolic manifold satisfying tr h0 h > 0 has the property that a neighborhood of infinity can be uniquely foliated by stable constant mean curvature surfaces. Moreover, a recent result by Ambrozio [Am] implies that for any sufficiently small perturbation of an anti-de-Sitter-Schwarzschild space of positive mass the Neves-Tian foliation can be extend to a global foliation by constant mean curvature surfaces. This provides examples of domains for which Theorem 1.7 and its generalization described in Remark 3.1 below apply. But notice that, if compared with the main results in [HM] [HMRa] , m(Σ, X) has an obvious drawback, namely, it only has the expected causal character under the rather stringent constant mean curvature condition on Σ ⊂ Ω. Nevertheless, our next results show not only that m(Σ, X) has very nice causal properties when evaluated on the asymptotic limit (Theorem 1.8) but also that at infinity it captures the corresponding limit of the hyperbolic Brown-York mass (Theorem 1.9).
Theorem 1.7. Under these conditions, if we assume further that H is constant then
for any choice of isometric embeddings
for any choice of isometric embeddings X ǫ : Σ ǫ → H 3 . In particular, the mass inequality (1.13) holds under the conditions of Theorem 1.4.
Notice that this approach does not give a proof of the rigidity statement in Theorem 1.5. For this we need to apply alternative methods; see [BaW] or Theorem 1.4 above. Remark 1.5. Examples due toÓ Murchadha-Szabados-Tod [OST] show that the classical Brown-York mass [BY] and its generalization by Kijowski [Ki] and LiuYau [LY] , which use R 3 as the reference space for the isometric embedding of the boundary, might be strictly positive even when the surface lies in R 3,1 , a result that clearly contradicts physical intuition. As confirmed by recent breakthroughs by Chen, Wang and Yau [WY2] [WY3] [CWY] , it turns out that a much more satisfactory definition of quasi-local mass should use the full space-time R 3,1 as reference space. Besides having many other interesting properties, this new quasi-local mass vanishes for any admissible surface lying in R 3,1 . We would like to point out, however, that in the special but important time-symmetric case treated in this paper, the Brown-York mass and its hyperbolic version (1.8) still provide rigidity results consistent with physical expectation, as illustrated by the various results described in this Introduction. This paper is organized as follows. In Section 2 and Appendix A we review the results on Dirac operators used throughout the text. This is applied to prove a sort of holographic principle for imaginary Killing spinors on domains whose scalar curvature is bounded from below by a negative constant (Proposition 2.3), which is the main ingredient in the proofs of Theorems 1.7, 1.8 and 1.9 in Section 4. The proofs of Theorems 1.4, 1.5 and 1.6 also makes use of this spin machinery and are included in Section 3.
DIRAC OPERATORS ON 3-MANIFOLDS WITH BOUNDARY
In this section we review the results in the theory of Dirac operators on 3-manifolds needed in the rest of the paper. The reader will find more detailed presentations of this preparatory material in [BFGK] , [F] , [HMR1] , [HMR2] , [HM] and [HMZ] . Even though much of the discussion below holds in any dimension, we will restrict ourselves to the physically relevant case n = 3.
We consider an orientable 3-manifold Ω endowed with a Riemannian metric g. It is well-known that such a manifold is automatically spin, which allows us to fix once and for all a spin structure on T Ω. We denote by SΩ the associated spin bundle and by ∇ both the Levi-Civita connection of T Ω and its lift to SΩ.
If γ : T Ω × SΩ → SΩ is the Clifford product, we define the Killing connections acting on a spinor ψ ∈ Γ(SM ) by
so that a spinor is parallel with respect to ∇ if and only if, by definition, it is an imaginary Killing spinor; see [BFGK] . The corresponding Killing-Dirac operators are defined in the standard way, namely,
γ(e i )∇ ei ψ is the standard Dirac operator. We say that a spinor ψ is Killing-harmonic if it satisfies any of the linear equations D ± ψ = 0. Given a spinor ψ we set
where
We easily compute that
so if Ω is compact with a nonempty boundary Σ, which we assume oriented by its inward pointing unit normal ν, then integration by parts yields the integral version of the fundamental Lichnerowicz formula, namely,
A key step in our argument is to rewrite the right-hand side of (2.24) in terms of the geometry of Σ. First note that Σ carries the spin bundle SΩ| Σ , obtained by restricting SΩ to Σ. This becomes a Dirac bundle if its Clifford product is
and its connection is
where A = −∇ν is the shape operator of Σ. The corresponding Dirac operator
where {f j } 2 j=1 is a local orthonormal tangent frame to Σ. Imposing that Af j = κ j f j , where κ j are the principal curvatures of Σ, we have (2.26)
where H = κ 1 + κ 2 is the mean curvature and
We now observe that since the unit normal field ν provides an orientation for the normal bundle of Σ, T Σ carries a preferred spin structure with spin bundle SΣ. As usual we denote by ∇ Σ both the Levi-Civita connection on T Σ and its lift to SΣ. In particular, Σ has an intrinsic Dirac operator
where γ Σ : T Σ × SΣ → SΣ is the Clifford product. It turns out that the embedding
and by (2.28), (2.24) becomes
By Cauchy-Schwarz, we have
with the equality occurring if and only if ψ is a twistor spinor, i.e.
(2.33)
From this we immediately obtain an useful integral inequality for compact domains whose scalar curvature is bounded from below by a negative constant.
Proposition 2.1. [HMR2] If
with the equality occurring if and only if ψ is a twistor spinor and R g ≡ −6.
We use this for a Killing-harmonic spinor obtained by solving a suitable boundary value problem. To explain this we observe that iγ(ν) : SΣ → SΣ is a (pointwise) self-adjoint involution. We thus consider the corresponding projection operators
onto the eigenbundles of iγ(ν). For any φ ∈ Γ(SΣ) we set φ ± = P ± φ, so that
In particular, (2.36)
Upon integration of (2.35) we find that
Finally, it is easy to see that (2.38)
It turns out that the projections P ± define local elliptic boundary conditions for D ± , as the following result shows. These are the so-called MIT bag boundary conditions. Proposition 2.2. Let (Ω, g) be as above with R g ≥ −6 and H > −2. Then, for any φ ∈ Γ(SΣ), the boundary value problem
has a unique smooth solution ψ ± ∈ Γ(SΩ).
A proof of this proposition can be found in A. Roldán's doctoral thesis [R] . For convenience we reproduce the argument in the Appendix.
We now show how this theory yields a nice inequality for arbitrary spinors on Σ involving the mean curvature. This is a kind of holographic principle for imaginary Killing spinors and is obviously inspired on [HM, Proposition 9 ]; see also [HMRa] . Proposition 2.3. Let (Ω, g) be a compact oriented (and hence spin) 3-manifold with boundary Σ. Assume that R g ≥ −6 and H > −2. Then there holds
for any φ ∈ Γ(SΣ). Moreover, equality holds if and only if there exist imaginary Killing spinors ψ ± ∈ Γ(SΩ) such that ψ ± ± = φ ± along Σ. Proof. Given φ ∈ Γ(SΩ| Σ ), we take ψ + ∈ Γ(SΩ) as in Proposition 2.2. It follows from (2.34) that
Since H > −2 we can use the elementary estimate
and leading this to (2.41) we obtain (2.42)ˆΣ
On the other hand, if φ ∈ Γ(SΩ| Σ ) is the same spinor as above, we take ψ − ∈ Γ(SΩ) as in Proposition 2.2. It follows from (2.34) that
We thus get the analogue of (2.41), namely,
We can again estimate
and leading this to (2.43) we obtain
Adding (2.42) to (2.44) and using (2.38) and the boundary conditions, (2.39) follows. If equality holds in (2.42) then it also holds in (2.40). By Proposition 2.1, the Killing-harmonic spinor ψ + is a twistor spinor as well. Thus, ψ + is an imaginary Killing spinor, as desired. Since an entirely similar argument handles the case of equality in (2.44), this completes the proof of the proposition.
3. THE PROOFS OF THEOREMS 1.4, 1.5 AND 1.6
For simplicity of notation in this section we write ∇ = ∇ + for the Killing connection and consistently drop the plus sign in the rest of the notation.
We start the proof of Theorems 1.4, 1.5 and 1.6 by recalling thatφ ∈ Γ(SH 3 ) is called an imaginary Killing spinor if it satisfies
where the label 0 refers to invariants associated to H 3 and its spin bundle.
Lemma 3.1. Ifφ ∈ Γ(SH 3 ) is an imaginary Killing spinor then
From this, (3.46) and (3.47) follow easily. It also follows from (3.50) that u ′′ = u, which proves (3.48).
For further reference we note that if h ǫ = g| Σǫ then (1.1) and (1.2) give (3.51)
Moreover, (3.48) implies
We also need an explicit description of imaginary Killing spinors on H 3 . With respect to a suitable trivialization SH 3 = H 3 × C 2 , the expression
defines an imaginary Killing spinors in H 3 , where X = (r, θ, ϑ) is the position vector expressed in standard polar coordinates [WY1] [Z] . A straightforward computation gives
It is easy to see that η maps S 3 = {(z ∈ C 2 ; |z| = 1} onto S 2 = C + ∩ {t = 1}. In fact, η| S 3 is just the Hopf map. Thus, η maps C 2 onto C + . With these preliminaries at hand, we finally start the proof of Theorem 1.6. For η ∈ C + we choose z ∈ C 2 so that η(z) = η. The usual adaptation of Witten's method [AD] [CH] [Wa] [WY1] leads to the existence of a non-trivial Killingharmonic spinor ψ (η) ∈ Γ(SM ), D + ψ (η) = 0, which asymptotes the imaginary Killing spinor φ (z) ∈ Γ(SH 3 ) after a suitable identification of the two infinities. More precisely, in a neighborhood U of the conformal infinity we consider the background hyperbolic metric
and the gauge transformation B given by
We find from (1.3) that (3.55)
Also, B defines a fiberwise isometry between the spin bundles on U endowed with the metric structures coming from g 0 and g. Thus, if f is a cut-off function on M with f ≡ 1 in a neighborhood of infinity and φ is a spinor on U , f Bφ defines a
that is, ψ (η) is an imaginary Killing spinor. A well-known result by Baum [BFGK] [AD] then implies that (M, g) is isometric to (H 3 , g 0 ), as desired.
Remark 3.1. If we assume that (M, g) carries a compact inner boundary Γ then instead of (1.14) we now havê
where H is the mean curvature of Γ with respect to ν Γ , the unit normal pointing toward infinity, and
By [BC] we may choose ψ (η) so that it satisfies the MIT bag boundary condition iγ(ν Γ )ψ
Thus, if R g ≥ −6 and H ≥ −2 we see that
just as in Theorem 1.4. Moreover, if the equality holds for some η then ψ (η) is an imaginary Killing spinor and hence (M, g) is Einstein, Ric g = −2g. Moreover, there holds H ≡ −2 so if we use that by (4.60) the mean curvature of the coordinate spheres Σ ǫ , computed with respect to the unit normal pointing toward infinity, converges to −2 as ǫ → 0 and argue as in the proof of [CH, Theorem 4 .7] we easily reach a contradiction. This shows that under the conditions of Theorem 1.4 and in the presence of an inner boundary Γ as above we always have that lim ǫ→0 m BY (Σ ǫ , X ǫ ) is time-like and future directed. In other words, this type of trapped inner boundary which, under suitable global conditions, foretells the existence of a black hole region in the Cauchy development of (M, g), effectively contributes to force this vector to be time-like. This clearly suggests that a Penrosetype inequality might hold in this setting. Notice also that a similar statement holds in the context of Theorem 1.7. We thank L. Ambrozio for enlightening conversations regarding this interesting sharpening of our results.
4. THE PROOFS OF THEOREMS 1.7, 1.8 AND 1.9
In this section we present the proofs of Theorems 1.7, 1.8 and 1.9. As remarked in the Introduction, these results only depend on the theory of boundary value problems for Dirac operators in compact domains as described in Section 2 and Appendix A.
for any imaginary Killing spinorφ ∈ Γ(SH 3 ).
Proof. It is shown in [KT] that (4.60)
and (4.61)
This readily gives
From (3.52) and (3.53) we havê
so that (4.59) follows from (4.62). On the other hand, by (3.47) we also have
so that, by Cauchy-Schwarz, the first term in the right-hand side of (4.64) is O(ǫ). A similar argument shows that the second one is O(ǫ 2 ), so the assertion follows.
APPENDIX A. THE PROOF OF PROPOSITION 2.2
In this appendix we reproduce the argument in [R] leading to the proof of Proposition 2.2. We start by recalling the integration by parts formula for the Dirac operator D of a compact, spin 3-manifold (Ω, g) with boundary Σ oriented by its inward unit vector ν:
(A.65)ˆΩ Dϕ, ψ dM −ˆΩ ϕ, Dψ dM = −ˆΣ γ(ν)φ, ψ dΣ, ϕ, ψ ∈ Γ(SΩ). Proof. Take ϕ ∈ dom D ± and ψ ∈ Γ(SΩ). From (A.65) we havê Ω D ± ϕ, ψ dM −ˆΩ ϕ, D ∓ ψ dM = −ˆΣ γ(ν)ϕ, ψ dΣ = ∓ˆΣ iϕ, ψ dΣ, so if ϕ varies over the space of spinors vanishing on Σ, we see that
As a consequence,´Σ iϕ, ψ dΣ = 0 for any ϕ ∈ Γ(SΩ) with ϕ ∓ = 0, which gives ψ ± = 0, as desired. But the boundary condition clearly implieŝ
that is, equality holds in (A.66). In this case, R g ≡ −6 and ψ is a twistor spinor on Ω. Since ψ is also an eigenvector of D, we conclude that ψ is in fact an imaginary Killing spinor. It is well-known that ψ has no zeros [BFGK] and this implies that H ≡ −2 along Σ.
Lemma A.3. If R g ≥ −6 and H ≥ −2 then at least one of the following assertions holds true:
(1) The nonhomogeneous boundary value problem
on Ω ψ ± = φ ± on Σ has a unique solution for each φ ∈ Γ(SΣ); (2) There exists a nontrivial imaginary Killing spinor on Ω and H ≡ −2 on Σ.
Proof. Ellipticity of D ± implies that its realization under the given boundary value conditions is Fredholm [BoW, Chapter 19] . If the first item in the previous lemma holds then ker( D ± , P ± ) = {0}, so that coker ( D ± , P ± ) * = {0}.
By Lemma A.1, this means that
that is, the first item in the lemma holds.
Proposition 2.2 is an immediate consequence of Lemma A.3.
